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Garsia and Milne used their elegant involution principle to give a bijective
proof of the first RogersRamanujan identity. We give an injection as called for by
Ehrenpreis of the partitions of n into parts of the forms 5m+2 and 5m+3 into the
partitions of n into parts of the forms 5m+1 and 5m+4. As observed by Ehrenpreis,
Andrews and Baxter, this gives a potential start to a RogersRamanujan bijection and
a new partition identity involving partitions into parts 3 with difference between
parts at least 2. Our potential bijection does not agree with the GarsiaMilne bijection.
 1999 Academic Press
1. INTRODUCTION AND SUMMARY
The RogersRamanujan identities may be stated as partition identities
[An1, p. 109].
The first RogersRamanujan identity states that the partitions of n with
difference between parts at least 2 are equinumerous with the partitions of
n into parts of the forms 5m+1 and 5m+4.
The second RogersRamanujan identity states that the partitions of n
into parts 2 with difference between parts at least 2 are equinumerous
with the partitions of n into parts of the forms 5m+2 and 5m+3.
Garsia and Milne [GM1] gave their elegant involution principle and
used it to give a bijective proof of the first RogersRamanujan identity.
Let |q|<1 and (a; q)n=>ni=1 (1&aq
i&1). The RogersRamanujan
identities may be given analytically as
‘
n0
1
(1&q5n+1)(1&q5n+4)
=G1(q),
(1.1)
‘
n0
1
(1&q5n+2)(1&q5n+3)
=G2(q),
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where
Gh(q)= :
n0
qn2+(h&1)n
(q; q)n
, h1, (1.2)
is the generating function for partitions into parts h with difference
between parts at least 2.
Observe that for h2 the identity mapping is an injection of the parti-
tions of n into parts h with difference between parts at least 2 into the
partitions of n into parts h&1 with difference between parts at least 2.
The complement of the image is the partitions of n into parts h&1 with
difference between parts at least 2 in which h&1 occurs as a part. Deleting
this h&1 gives the partitions of n&h+1 into parts h+1 with difference
between parts at least 2. We have the generating function identity
Gh&1(q)=Gh(q)+qh&1Gh+1(q), h2. (1.3)
Let RRh(n) be the set of partitions of n into parts of the forms 5m+h
and 5m+5&h where h=1 or 2. Using the RogersRamanujan identities
(1.1), we may rearrange the case h=2 of (1.3) as
‘
n0
1
(1&q5n+1)(1&q5n+4)
& ‘
n0
1
(1&q5n+2)(1&q5n+3)
=qG3(q). (1.4)
At the 1987 A.M.S. Institute on Theta Functions, Ehrenpreis asked if one
could prove that (1.4) has nonnegative coefficients without resorting to the
RogersRamanujan identities. This requires an injection
I: RR2(n)/RR1(n). (1.5)
Andrews and Baxter [AB1, Ba1Ba3] show how to start with the Rogers
Ramanujan identities and give a motivated proof using (1.3).
We give an injection I (1.5) which gives a potential start to a Rogers
Ramanujan bijection and a new partition identity involving partitions into
parts 3 with difference between parts at least 2. Our potential bijection
does not agree with the GarsiaMilne bijection [GM1].
2. THE INJECTION
Let |R| be the sum of the parts of the partition R. Let R _ S be the
partition obtained by adding the parts of R to those of S. We write RT
if T=R _ S for some partition S. Let ab denote the partition with b
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parts which are equal to a and set (*, +)=(*) _ (+). For 1c4, let
Nc(R) be the number of parts of R of the form 5m+c.
Let P # n0 RR2(n) be a partition with parts of the forms 5m+2 and
5m+3. We define the bijections ?1 : n0 RR2(n)  n0 RR1(n) and
?2 : n0 RR2(n)  n0 RR1(n) as follows. Let ?1(P) be the partition
obtained by subtracting one from each part of P of the form 5m+2 and
adding one to each part of P of the form 5m+3. Let ?2(P) be the parti-
tion obtained by adding two to each part of P of the form 5m+2 and
subtracting two from each part of P of the form 5m+3.
Observe that the bijections ?1 and ?2 are not norm preserving. We have
|?1(P)|=|P|+N2(P)&N3(P), |?2(P)|=|P|+2(N3(P)&N2(P)).
(2.1)
Let P # RR2(n) with N2(P)=N3(P). Then N1(?1(P))=N4(?2(P))=
N2(P), N1(?2(P))=N4(?1(P))=N3(P), and |P|=|?1(P)|=|?2(P)|. Hence
?1 and ?2 are both bijections between partitions P # RR2(n) with N2(P)=
N3(P) and partitions Q # RR1(n) with N1(Q)=N4(Q).
Let P # RR2(n) with N2(P){N3(P). Then there is a unique mapping
?h, h=1 or 2, which decreases the norm of the partition. Our injection I
restores the norm by taking the union of ?h(P) with a partition which uses
only the parts 1 and 4 and depends on N2(P)&N3(P).
We define the injection I: RR2(n)/RR1(n) by setting
I(P)=?1(P) _ 1d, N2(P)=N3(P)+d, d0,
I(P)=?2(P) _ (4, 14d ) N3(P)=N2(P)+2d+2, d0, (2.2)
I(P)=?2(P) _ 14d+2, N3(P)=N2(P)+2d+1, d0,
where P # RR2(n).
Setting Q=I(P), we have
if N2(P)=N3(P)+d, d0, then 1dQ and N1(Q)=N4(Q)+2d;
if N3(P)=N2(P)+2d+2, d0, then (4, 14d)Q and N1(Q)=N4(Q)+6d+1;
if N3(P)=N2(P)+2d+1, d0, then 14d+2Q and N1(Q)=N4(Q)+6d+3.
(2.3)
Thus I is an injection of RR2(n) into RR1(n).
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Using (2.3), we have
RR1(n)&I(RR2(n))=[Q # RR1(n) | N1(Q)<N4(Q)
or N1(Q)=N4(Q)+2d, 1d3 Q, d0,
or N1(Q)=N4(Q)+6d+1, (4, 14d)3 Q, d0,
or N1(Q)=N4(Q)+6d+3, 14d+2 3 Q, d0,
or N1(Q)=N4(Q)+6d+5, d0]. (2.4)
Let n1. We may use (2.4) to read off a combinatorial statement of the
third RogersRamanujan identity which states that the partitions of n&1
are equinumerous with the set RR1(n)&I(RR2(n)) of partitions of n.
Let Q # RR1(n). We may start a bijection , for the first RogersRamanujan
identity by taking
one occurs as a part in ,(Q)  Q # RR1(n)&I(RR2(n)). (2.5)
This does not agree with the GarsiaMilne bijection [GM1] for which
%(9, 45, 1)=(20, 8, 2), (2.6)
since we may observe by (2.4) that (9, 45, 1) # RR1(30)&I(RR2(30)).
Let n1. The next step is to construct an injection
J: RR1(n)&I(RR2(n))/RR2(n&1). (2.7)
It seems that this requires us to delete the ones since we cannot subtract
anything from them and then proceed basically as before. Observe that we
may subtract 1 or 2 from the parts of the form 5m+4 and 3 or 4 from the
parts of the form 5m+6. We may incorporate the number of ones into the
process in order to decide how much to subtract and the partition to
union.
REFERENCES
[An1] G. E. Andrews, ‘‘The Theory of Partitions,’’ Encyclopedia of Mathematics and Its
Applications (G.-C. Rota, Ed.), Vol. 2, AddisonWesley, Reading, MA, 1976; reprinted,
Cambridge Univ. Press, LondonNew York, 1984.
[AB1] G. E. Andrews and R. Baxter, A motivated proof of the RogersRamanujan identities,
Amer. Math. Monthly 96 (1989), 401409.
[Ba1] R. J. Baxter, Hard hexagons: Exact solutions, J. Phys. A 13 (1980), L61L70.
393NOTE
[Ba2] R. J. Baxter, RogersRamanujan identities in the hard hexagon model, J. Statist.
Phys. A 26 (1981), 427452.
[Ba3] R. J. Baxter, ‘‘Exactly Solved Models in Statistical Mechanics,’’ Academic Press,
LondonNew York, 1982.
[GM1] A. Garsia and S. Milne, A RogersRamanujan bijection, J. Combin. Theory Ser. A
31 (1981), 289339.
394 NOTE
